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A Theoretical Study on an Optical Switch Using Interfered Evanescent Light
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College of Science and Engineering, Aoyama Gakuin University
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In an optical configuration consisting of a flat plate of vacuum between upper and lower spaces
of uniform dielectric regions of n > 1, we have calculated two output light intensities for two input
lights from the Maxwell’s equations as functions of the incision angle, a light intensity ratio, a phase
difference of the two input lights, and a thickness of the vacuum layer, where the two input lights
come from upper and lower dielectric regions with the same incision angles, and one of the output
light goes into upper dielectric and the other goes into lower dielectric. We have found that, when
evanescent lights exist at the upper and lower boundary and interfere each other, there is one set
of incision angles and phase differences for any combination of an input light ratio and a thickness
of the vacuum layer where one of output lights becomes zero. This finding will possibly lead to
an innovative optical switch with which an optical output light can be switched on and off with a
control light with an intensity much lower than that of the output light.
PACS numbers: 42.79.Ta, 42.25.Hz, 51.70.+f
I. INTRODUCTION
In the present wired tele-communication, the optical
fiber using an infrared light with wavelength around 1500
nm is playing the main role, but the signal processing
at both ends of the transmission optical fiber is done
with electronics. That means there are optoelectronic
and electro-optic converter circuits between optical fibers
and electronic circuits. In order to avoid a demerit of
electronic circuits that they are vulnerable of electro-
magnetic noise and also to simplify devices by eliminat-
ing optoelectronic and electro-optic converters, a purely
optical signal processing device represented by optical
switches has long been desired.
Optical waveguides are utilized in optical communica-
tion devices as star-couplers and array waveguide grat-
ings (AWG) to add or to divide optical signals. A star-
coupler is a device to divide the energy of an optical signal
carried by the core of an optical fiber into several out-
put optical signals. The AWG is used for a filter using a
characteristic that multiple optical signals interfere each
other in a small space of a optical waveguide circuit.
An optical splitter and an optical coupler are made of
FIG. 1: An optical switch of the present article
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FIG. 2: Mach-Zehnder Circuit
an optical fiber or an optical waveguide. They can be the
same device by exchanging their inputs and outputs of
lights. To divide or add optical signals, the device can be
an optical waveguide with a geometrical branch shape or
two parallel optical fibers. When two optical fibers are lo-
cated in parallel and very close to each other, the energy
of an optical signal is transferred from an optical fiber
to other fiber. As the optical switching elements, semi-
conductors or ceramics having characteristics of changing
their optical properties such as refractive index with elec-
tric field, magnetic field, or temperature have been de-
veloped and utilized. Such devices as the one composed
of a lattice of optical waveguides with optical switching
materials buried at each cross point of the lattice are
proposed and some of them have been realized.
The evanescent light is a kind of light existing on places
such as the back side of a total reflection prism within a
very small area, typically within a distance of one wave-
length. The evanescent light can be developed from the
Maxwell’s equations, but it is only a decade ago that the
evanescent light became one of major research subjects.
The evanescent light has already been utilized proba-
bly based on the empirical findings. That is the divider
or coupler made of two parallel optical fibers mentioned
above. The evanescent light appears on the surface of the
input optical fiber and the energy of light moves into the
output optical fiber running close by and in parallel. The
amount of light energy transferred to the output fiber de-
pends on the gap between two fibers and the length of
these two fibers running together in parallel. The ra-
tio of light energy splitting/coupling can be controlled
2FIG. 3: A theoretical model
in the manufacturing. This type of a coupler/splitter
is produced with carefully adjusting the gap and length
watching the intensity of output light. The produced cou-
pler/splitter has two input optical fibers and two output
fibers, and that is one of the simplest example of the four
terminal circuits as shown in Fig.1.
An example of a coupler/splitter application is the
Mach-Zehnder interferometer which is composed of a
50:50 splitter and a 50:50 coupler with two transmission
lines between them, as shown in Fig.2. The splitter and
coupler in this case are the same configuration as the
four terminal circuit explained above but one of four ter-
minals is neglected or the ratio of light energy to one
of four terminals is designed to be zero. The Mach-
Zehnder interferometer can also be made by dielectric
optical waveguides.
A coherent light injected to the input of the Mach-
Zehnder interferometer is divided equally to two trans-
mission lines and when the two transmission lines are
same, lights from the two transmission lines are simply
added at the coupler and the same light as the input light
goes out. When there occurs a phase difference between
two transmission lines between the splitter and the cou-
pler, sum of two lights having phase difference is given
to the output terminal. If the phase difference is pi, then
the output is zero. Therefore, a light switch or a light
modulator can be made by using a light phase controller
and a Mach-Zehnder interferometer.
In this paper, we propose a new type of optical switch
which is expressed by a four terminal circuit as Fig.1.
Two lights having a particular relation between them in-
jected into two input terminals produce their evanescent
lights and through interference of the evanescent lights
in this new device, the two output lights are switched on
and off. We have theoretically studied the mechanism
by solving the Maxwell’s equations including evanescent
lights.
II. CALCULATION MODEL AND CONTENTS
OF THIS PAPER
As shown in Fig.3, we set a calculation model consist-
ing of three regions. Region 1 : z > d/2, refractive index
n, region 2 : −d/2 < z < d/2, vacuum (refractive in-
dex 1), and region 3 : z < −d/2, refractive index n. A
light (I1) with a vacuum wave length λ and intensity 1
is injected from region 1 with an injection angle θ, and
another light (I2) of same wave length with intensity α
is injected from region 3 with the same injection angle
θ. I2 has a phase difference (delay) η relative to I1 when
the two lights arrive at the boundary at the same x.
In section III, we have calculated the ratio R of an
output light (O1) intensity to an input light (I1) intensity,
both in the region 1, with θ less than the critical angle
where refraction lights propagate in region 2. We have
also calculated R with θ larger than the critical angle in
section IV taking the evanescent light in region 2 into
account. In section V, we have discussed the conditions
where R = 0 based on the results attained in sections III
and IV. The conditions for T = 0, the condition for the
output light into the region 3 being zero, is not discussed
because the total energy of the input lights (I1 + I2) is
conserved to that of the output lights (O1 + O2) in the
present model, and the condition is clearly R+T = 1+α.
III. OUTPUT INTENSITY WHEN THE
INJECTION ANGLE IS LESS THAN THE
CRITICAL ANGLE
Because no electric charge and no electric current ex-
ist in the model of Fig.3, the Maxwell’s equations to be
solved are:
∇×E+ ∂tB = 0, (1a)
∇ ·B = 0, (1b)
∇×H− ∂tD = 0, (1c)
∇ ·D = 0, (1d)
where ∂t means
∂
∂t
, E and D are the electric field vec-
tor and electric flux vector, respectively, and H and B
are the magnetic field vector and magnetic flux vector,
respectively. Using the dielectric constant ε and the mag-
netic permeability µ, the D and B are expressed as:
D = εE, B = µH. (2)
In the present calculation, we set µ = 1 in all the regions.
In general, equations (1a) and (1b) indicate that there
exist a scalar potential f and a vector potential A which
fit to
E = −∇f − ∂tA, (3)
B = ∇×A, (4)
3FIG. 4: definition of parameters
and for a gauge transformation below using any scalar
function g:
A→ A+∇g, (5)
f → f − ∂tg, (6)
E and B are invariant [1, 2].
Because we are solving a reflection and refraction
problem, we take the gauge transformation above and
particularly we take the Lorentz gauge of:
∇ ·A = 0, f = 0. (7)
Then we have expressed the incision light and the
reflection light in the region 1 as below using the vector
potential:
A
1 =
−1
iω

A1TM cos θA1TE
A1TM sin θ

 ei(ωt−n sin θx−cos θzλ ), (8)
A
R =
−1
iω

 ARTM cos θARTE
−ARTM sin θ

 ei(ωt−n sin θx+cos θzλ ). (9)
Similarly, we have expressed those in the region 2 as:
A
(2,1) =
−1
iω

A
(2,1)
TM cosϕ
A
(2,1)
TE
A
(2,1)
TM sinϕ

 ei(ωt− sinϕx−cosϕzλ ), (10)
A
(2,2) =
−1
iω

 A
(2,2)
TM cosϕ
A
(2,2)
TE
−A(2,2)TM sinϕ

 ei(ωt− sinϕx+cosϕzλ ), (11)
and we have expressed those in the region 3 as:
A
α =
−1
iω

AαTM cos θAαTE
AαTM sin θ

 ei(ωt−n sin θx−cos θzλ ), (12)
A
R =
−1
iω

 ATTM cos θATTE
−ATTM sin θ

 ei(ωt−n sin θx+cos θzλ ). (13)
Here, ω, λ and n in equations (8)-(13) are angular fre-
quency, λ2pi of light, and refractive index of region 1 and
3, respectively.
Equations (8)-(13) satisfy the condition of Lorentz
gauge (7), and variables with suffix TM are for the TM
mode and those with suffix TE are for the TE mode.
The wave equation of the vector potential:
1
c2
∂2tA−∇2A = 0. (14)
is derived using the Maxwell’s equations (1), the rela-
tion between field and flux (2), the relation between the
vector potential A and the electric field E (3), the rela-
tion between vector potential and magnetic flux B (4),
and also the relation between the light velocity c and the
dielectric constant ε and the magnetic permeability µ
c2 =
1
εµ
, (15)
where µ = 1 in the present study.
Therefore, the vector potentials in each region satisfy
the dispersion relations:
ω2
c21
=
n2
λ2
, regions 1 and 3, (16)
ω2
c2
=
1
λ2
, region 2, (17)
where c1 is the light velocity in regions 1 and 3, c is the
light velocity in vacuum or region 2 and λ is the wave-
length in vacuum.
From equations (3), (4), (8)-(13), we have derived the
electric field and magnetic fields in region 1 as:
E
1(t,x) =

A1TM cos θA1TE
A1TM sin θ

 ei(ωt−n sin θx−cos θzλ )
+

 ARTM cos θARTE
−ARTM sin θ

 ei(ωt−n sin θx+cos θzλ ), (18)
B
1(t,x) =
n
ωλ

A1TE cos θ−A1TM
A1TE sin θ

 ei(ωt−n sin θx−cos θzλ )
+
n
ωλ

−ARTE cos θARTM
ARTE sin θ

 ei(ωt−n sin θx+cos θzλ ), (19)
4those in region 2 as:
E
2(t,x) =

A
(2,1)
TM cosϕ
A
(2,1)
TE
A
(2,1)
TM sinϕ

 ei(ωt− sinϕx−cosϕzλ )
+

 A
(2,2)
TM cosϕ
A
(2,2)
TE
−A(2,2)TM sinϕ

 ei(ωt− sinϕx+cosϕzλ ), (20)
B
2(t,x) =
1
ωλ

A
(2,1)
TE cosϕ
−A(2,1)TM
A
(2,1)
TE sinϕ

 ei(ωt− sinϕx−cosϕzλ )
+
1
ωλ

−A
(2,2)
TE cosϕ
A
(2,2)
TM
A
(2,2)
TE sinϕ

 ei(ωt− sinϕx+cosϕzλ ), (21)
and also those in region 3 as:
E
3(t,x) =

ATTM cos θATTE
ATTM sin θ

 ei(ωt−n sin θx−cos θzλ )
+

 A3TM cos θA3TE
−A3TM sin θ

 ei(ωt−n sin θx+cos θzλ ), (22)
B
3(t,x) =
n
ωλ

ATTE cos θ−ATTM
ATTE sin θ

 ei(ωt− sin θx−cos θzλ )
+
n
ωλ

−A3TE cos θA3TM
A3TE sin θ

 ei(ωt− sin θx+cos θzλ ). (23)
The ratios R and T of the output light intensities into
regions 1 and 3 (O1 and O2) to the input light intensity
I1, respectively, can be derived from the ratios of long
time averages of z-components (vertical to the bound-
ary plane) of the Poynting’s vectors of regions 1 and 3,
where each of the long time average of Poynting’s vector
is derived as:
S =
1
2
Re
[
E×B∗]. (24)
We have calculated the long time average of Poynting’s
vector of the input light in region 1 (I1), that of output
light in region 1 (O1), that of input light in region 3 (I2)
and that of output light in region 3 (O2) as following,
respectively.
S1 = n
|A1TM |2 + |A1TE |2
2ωλ

 sin θ0
− cos θ

 , (25)
SR = n
|ARTM |2 + |ARTE |2
2ωλ

sin θ0
cos θ

 , (26)
S3 = n
|A3TM |2 + |A3TE |2
2ωλ

sin θ0
cos θ

 , (27)
ST = n
|ATTM |2 + |ATTE |2
2ωλ

 sin θ0
− cos θ

 . (28)
Using these equations (25-28), we have defined the
light intensities R and T for TM and TE modes, respec-
tively, as:
RTM =
|ARTM |2
|A1TM |2
, RTE =
|ARTE |2
|A1TE |2
, (29)
TTM =
|ATTM |2
|A1TM |2
, TTE =
|ATTE |2
|A1TE |2
. (30)
Note here that these light intensities are relative to the
input light intensity (I1) which has a value 1. This why
symbols R and T are used instead of R and T .
We also have defined the ratio of an intensity of the
input light in region 3 (I2) to that of the input light in
region 1 (I1) as:
α =
|A3TM |2
|A1TM |2
=
|A3TE |2
|A1TE |2
. (31)
From equation (31), it is possible to exist a phase dif-
ference η between two incident lights (I1) and (I2) such
as: (
A3TM
A3TE
)
= αeiη
(
A1TM
A1TE
)
. (32)
Notice that we can mathematically define modewise
phase differences to satisfy equation (31), however, we
are interested in a phase difference caused by an optical
path difference of a Mach-Zehnder circuit as shown in
Fig.2. Thus, we adapt only one phase difference η which
is independent of modes.
Now, E,H,D and B have to fit to the boundary con-
ditions based on the Maxwell’s equations (1):
• The parallel components to the boundaries of the
electric and magnetic fields (Ex, Ey) and (Hx, Hy)
should be continuous on the boundaries, and
• The vertical components to the boundaries of the
electric and magnetic fluxes Dz and Bz should be
continuous.
5From these conditions, we have derived the boundary
conditions as follows at z = d2 :(
A1TMcos θ
A1TE
)
ei
nd cos θ
2λ +
(
ARTM cos θ
ARTE
)
e−i
nd cos θ
2λ
=
(
A
(2,1)
TM cosϕ
A
(2,1)
TE
)
ei
d cosϕ
2λ +
(
A
(2,2)
TM cosϕ
A
(2,2)
TE
)
e−i
d cosϕ
2λ , (33)
ε1 sin θ
(
A1TMe
ind cos θ
2λ −ARTMe−i
nd cos θ
2λ
)
= ε2 sinϕ
(
A
(2,1)
TM e
ind cosϕ
2λ −A(2,2)TM e−i
nd cosϕ
2λ
)
, (34)
n
ωλ
[(
A1TEcos θ
−A1TM
)
ei
nd cos θ
2λ +
(−ARTEcos θ
ARTM
)
e−i
nd cos θ
2λ
]
=
1
ωλ
[(
A
(2,1)
TEcosϕ
−A(2,1)TM
)
ei
nd cosϕ
2λ +
(
−A(2,2)TEcosϕ
A
(2,2)
TM
)
e−i
nd cosϕ
2λ
]
,
(35)
n sin θ
ωλ
(
A1TEe
ind cos θ
2λ +ARTEe
−ind cos θ
2λ
)
=
sinϕ
ωλ
(
A
(2,1)
TE e
ind cosϕ
2λ +A
(2,2)
TE e
−ind cosϕ
2λ
)
. (36)
These equations (33)-(36) express the boundary con-
ditions for Ex and Ey, that for Dz, those for Hx and
Hy and the boundary condition for Bz, respectively. Be-
cause the equations (34) and (36) are included in equa-
tions (33) and (35), we have selected the independent
boundary condition equations as:
cos θ
(
A1TMe
ind cos θ
2λ +ARTMe
−ind cos θ
2λ
)
= cosϕ
(
A
(2,1)
TM e
i d cosϕ
2λ +A
(2,2)
TM e
−i d cosϕ
2λ
)
, (37)
n
(
A1TM e
ind cos θ
2λ −ARTMe−i
nd cos θ
2λ
)
= A
(2,1)
TM e
i d cosϕ
2λ −A(2,2)TM e−i
d cosϕ
2λ , (38)
A1TEe
ind cos θ
2λ +ARTEe
−ind cos θ
2λ
= A
(2,1)
TE e
i d cosϕ
2λ +A
(2,2)
TE e
−i d cosϕ
2λ , (39)
n cos θ
(
A1TEe
ind cos θ
2λ −ARTEe−i
nd cos θ
2λ
)
= cosϕ
(
A
(2,1)
TE e
i d cosϕ
2λ −A(2,2)TE e−i
d cosϕ
2λ
)
. (40)
These are two sets of boundary condition equations for
TM and TE mode, respectively.
We have found from equations (37) and (38) that there
exist two 2× 2 matrices MTM+ and NTM+ such as:
MTM+
(
A1TM
ARTM
)
= NTM+
(
A
(2,1)
TM
A
(2,2)
TM
)
, (41)
and we have solved the equation as:(
A
(2,1)
TM
A
(2,2)
TM
)
= N−1TM+MTM+
(
A1TM
ARTM
)
, (42)
= PTM+
(
A1TM
ARTM
)
, (43)
where
PTM+ = N
−1
TM+
MTM+ . (44)
We have also derived another 2 × 2 matrices for TE
mode from (39) and (40), and the solution is:(
A
(2,1)
TE
A
(2,2)
TE
)
= PTE+
(
A1TE
ARTE
)
. (45)
Similarly, we have derived the boundary conditions at
z = − d2 as:(
A
(2,1)
TM cosϕ
A
(2,1)
TE
)
e−i
d cosϕ
2λ +
(
A
(2,2)
TM cosϕ
A
(2,2)
TE
)
ei
d cosϕ
2λ
=
(
ATTMcos θ
ATTE
)
e−i
nd cos θ
2λ +
(
A3TM cos θ
A3TE
)
ei
nd cos θ
2λ , (46)
ε2 sinϕ
(
A
(2,1)
TM e
−i d cosϕ
2λ +A
(2,2)
TM e
i d cosϕ
2λ
)
= ε1 sin θ
(
ATTMe
−ind cos θ
2λ −A3TMei
nd cos θ
2λ
)
, (47)
1
ωλ
[(
A
(2,1)
TE cosϕ
−A(2,1)TM
)
e−i
nd cosϕ
2λ +
(
−A(2,2)TE cosϕ
A
(2,2)
TM
)
ei
d cosϕ
2λ
]
=
n
ωλ
[(
ATTE cos θ
−ATTM
)
e−i
nd cos θ
2λ +
(−A3TE cos θ
A3TM
)
ei
nd cos θ
2λ
]
,
(48)
sinϕ
ωλ
(
A
(2,1)
TE e
−i d cosϕ
2λ +A
(2,2)
TE e
i d cosϕ
2λ
)
=
n sin θ
ωλ
(
ATTEe
−ind cos θ
2λ +A3TEe
ind cos θ
2λ
)
, (49)
and we have found the independent boundary conditions
as:
cosϕ
(
A
(2,1)
TM e
−i d cosϕ
2λ +A
(2,2)
TM e
i d cosϕ
2λ
)
= cos θ
(
ATTMe
−ind cos θ
2λ +A3TMe
ind cos θ
2λ
)
, (50)(
A
(2,1)
TM e
−i d cosϕ
2λ −A(2,2)TM ei
d cosϕ
2λ
)
= n
(
ATTMe
−ind cos θ
2λ −A3TMei
d cos θ
2λ
)
, (51)
A
(2,1)
TE e
−i d cosϕ
2λ +A
(2,2)
TE e
i d cosϕ
2λ
= ATTEe
−ind cos θ
2λ +A3TEe
ind cos θ
2λ , (52)
cosϕ
(
A
(2,1)
TE e
−i d cosϕ
2λ −A(2,2)TE ei
d cosϕ
2λ
)
= n cos θ
(
ATTEe
−ind cos θ
2λ −A3TEei
nd cos θ
2λ
)
. (53)
We have derived a 2×2 matrices PTM− and PTE− from
equations (50)-(53) as:(
A
(2,1)
TM
A
(2,2)
TM
)
= PTM−
(
A3TM
ATTM
)
, (54)
(
A
(2,1)
TE
A
(2,2)
TE
)
= PTE−
(
A3TE
ATTE
)
. (55)
6Combining those with equations (43) and (54), we have
calculated the dependences of the output lights ARTM and
ATTM on A
1
TM and A
3
TM for TM mode as:
ARTM = −
[(
cos2θ−n2cos2ϕ) sin(d cosϕ
λ
)
A1TM
+i2n cosθ cosϕA3TM
]
[(
cos2 θ+n2 cos2 ϕ
)
sin
(
d cosϕ
λ
)
−i2n cos θ cosϕ cos(d cosϕ
λ
) ] e
indcosθ
λ ,
(56)
ATTM = −
[
in cos θ cosϕA1TM+(
cos2 θ−n2cos2 ϕ)sin(d cosϕ
λ
)
A3TM
]
[(
cos2 θ+n2cos2 ϕ
)
sin
(
d cosϕ
λ
)
−i2n cosθ cosϕ cos(d cosϕ
λ
) ] e
ind cos θ
2λ .
(57)
We have also calculated those for TE mode as:
ARTE = −
[(
cos2ϕ−n2 cos2θ)sin(d cosϕ
λ
)
A1TE
+i2n cosθ cosϕA3TE
]
[(
cos2ϕ+n2cos2θ
)
sin
(
d cosϕ
λ
)
−i2n cos θ cosϕ cos(d cosϕ
λ
) ] e
ind cos θ
λ ,
(58)
ATTE = −
[
i2n cos θ cosϕA1TE+(
cos2ϕ−n1cosθ)sin(d cosϕ
λ
)
A3TE
]
[(
cos2ϕ+n2cos2θ
)
sin
(
d cosϕ
λ
)
−i2n cosθ cosϕ cos(d cosϕ
λ
) ] e
i d cos θ
λ . (59)
We have combined equations (29), (32), (56) and (58)
to derive:
RTM =


(cos2θ−n2cos2ϕ)2sin2(d cosϕ
λ
)
+4αn2 cos2θ cos2ϕ
−√αn sinη cosθ cosϕ
×(cos2θ−ncos2ϕ)sin(d cosϕ
λ
)


[
4n2 cos2θ cos2ϕ+
(cos2θ−n2 cos2ϕ)2sin2(d cosϕ
λ
)] , (60)
RTE =


(cos2ϕ−n2cos2θ)2sin2(d cosϕ
λ
)
+4αn2 cos2 θ cos2 ϕ
−4n√α sinη cosθ cosϕ
×(cos2ϕ−n2cos2θ)sin(d cosϕ
λ
)


[
4n2 cos2θ cos2ϕ+
(cos2ϕ−n2cos2θ)2sin2(d cosϕ
λ
)] . (61)
We can also calculate TTM and TTE which are not
shown, and easily check the relations:
RTM + TTM = 1 + α, (62)
RTE + TTE = 1 + α, (63)
which tell that the energy in this model is conserved.
Furthermore, from Snell’s equation:
sinϕ = n sin θ, (64)
and a definition of variable κ:
κ = tan2 θ, (65)
we have led the relations among κ, θ, n and ϕ expressed
as:
cosϕ
cos θ
=
√
1− (n2 − 1)κ, (66)
cosϕ =
√
1− (n2 − 1)κ
1 + κ
, (67)
Using the relations (66) and (67), we have finally derived
RTM and RTE as functions of d, λ, α, n, and κ as:
RTM =


(n2−1)2(1− n2κ)2sin2(d
λ
√
1−(n2−1)κ
1+κ
)
+4αn2(1− (n2 − 1)κ)
+4
√
αsinηn(n2−1)
×
√
1−(n2−1)κ sin(d
λ
√
1−(n2−1)κ
1+κ
)


[
(n2−1)2(1−n2κ)2 sin2(d
λ
√
1−(n2−1)κ
1+κ
)
+4n2(1−(n2−1)κ)
] , (68)
RTE =


(n1−1)2(1+κ)2 sin2(d
λ
√
1−(n2−1)κ
1+κ
)
+4αn2(1−(n2−1)κ)
+4
√
α sinηn(n2−1)(1+κ)
×
√
1−(n2−1)κ sin(d
λ
√
1−(n2−1)x
1+κ
)


[
(n1−1)2(1+κ)2 sin(d
λ
√
1−(n2−1)κ
1+κ
)
+4n2(1−(n2−1)κ)
] . (69)
IV. OUTPUT INTENSITY WHEN THE
INJECTION ANGLE EXCEEDS THE CRITICAL
ANGLE
When the injection angle exceeds the critical angle,
the vector potential in region 2 is expressed by, instead
of equation (10) and (11), a linear combination of:
A
(2,1) =
−1
iω

 A
(2,1)
TM sinhϕ
′
A
(2,1)
TE
iA
(2,1)
TM coshϕ
′

ei“ωt−coshϕ′x−isinhϕ′zλ ”, (70)
A
(2,2) =
−1
iω

 A
(2,2)
TM sinhϕ
′
A
(2,2)
TE
−iA(2,2)TM coshϕ′

ei“ωt−coshϕ′x+isinhϕ′zλ ”.
(71)
With the boundary between region 1 and region 2 and
in the large d limit, which means to remove region 3, the
injected light is reflected back to region 1 by the ’total re-
flection’, and there exists no light propagating into region
2 to z direction. Instead, the evanescent light expressed
by equation (71) is generated which decays in a short dis-
tance of order of wavelength exponentially according to
distance from the boundary. Both (70) and (71) are solu-
tions of the Maxwell’s equations, but usually (70) is not
considered because the intensity of the electro-magnetic
field becomes infinity at z = −∞, contrary to locality
that is common understanding of physics.
7FIG. 5: definition of parameters
However, in the present model where the region 2 is
not infinite but has a definite value of width (thickness),
we have to be careful that equation (70) is finite intensity
everywhere in region 2 and therefore we cannot neglect
(70).
Different from the usual light propagation expressed
by equations (10) and (11), the energy propagation in
region 2 appears only in the cross term of (70) and (71)
expressing the interaction of evanescent lights which de-
cays exponentially to the directions of +z and −z, re-
spectively. This is supported with the fact that, in the
large d limit with fixed boundary between region 1 and
region 2, where region 3 is removed, there occurs the total
reflection and (71) becomes the only solution for region
2, and there exists no energy propagation to −z direction
in region 2.
We have calculated the electric field and magnetic field
in region 2 from equations (70) and (71) as:
E
2 =

 A
(2,1)
TM sinhϕ
′
A
(2,1)
TE
iA
(2,1)
TM coshϕ
′

 ei“ωt− coshϕ′x+i sinhϕ′zλ ”
+

 A
(2,2)
TM sinhϕ
′
A
(2,2)
TE
−iA(2,2)TM coshϕ′

 ei“ωt− coshϕ′x−i sinhϕ′zλ ”, (72)
B
2 =
1
ωλ

−iA
(2,1)
TE sinhϕ
′
−iA(2,1)TM
A
(2,1)
TE coshϕ
′

 ei“ωt− coshϕ′x+i sinhϕ′zλ ”
+
1
ωλ

iA
(2,2)
TE sinhϕ
′
iA
(2,2)
TM
A
(2,2)
TE coshϕ
′

 ei“ωt− coshϕ′x−i sinhϕ′zλ ”. (73)
With derivation similar to that in section III, and using
equations (18, 72, 22, 19, 73, 23), we have derived the
independent boundary conditions at z = d2 as:
cos θ(A1TM e
ind cos θ
2λ +ARTMe
−ind cos θ
2λ )
= sinhϕ′(A
(2,1)
TM e
d sinhϕ′
2λ +A
(2,2)
TM e
− d sinhϕ
′
2λ ), (74)
n(A1TMe
ind cos θ
2λ −ARTMe−i
nd cos θ
2λ )
= i(A
(2,1)
TM e
d sinhϕ′
2λ −A(2,2)TM e−
d sinhϕ′
2λ ), (75)
A1TEe
ind cos θ
2λ +ARTEe
−ind cos θ
2λ
= A
(2,1)
TE e
d sinhϕ′
2λ +A
(2,2)
TE e
−
d sinhϕ′
2λ , (76)
n cos θ(A1TEe
ind cos θ
2λ −ARTEe−i
nd cos θ
2λ )
= −i sinhϕ′(A(2,1)TE e
d sinhϕ′
2λ −A(2,2)TE e−
d sinhϕ′
2λ ). (77)
and
(
A
(2,1)
TM e
d sinhϕ′
2λ
A
(2,2)
TM e
−
d sinhϕ′
2λ
)
=
(
cosθ+insinhϕ′
2 sinhϕ′
cosθ−insinhϕ′
2 sinhϕ′
cosθ−insinhϕ′
2 sinhϕ′
cosθ+insinhϕ′
2 sinhϕ′
)(
A3TMe
i d cos θ
2λ
ATTMe
−i d cos θ
2λ
)
, (78)
(
A
(2,1)
TE e
dω sinhϕ′
2c2
A
(2,2)
TE e
−
dω sinhϕ′
2c2
)
=
(
n cosθ+i sinhϕ′
i sinhϕ′ −n cosθ−i sinhϕ
′
i sinhϕ′
−n cosθ−i sinhϕ′
i sinhϕ′
n cosθ+i sinhϕ′
i sinhϕ′
)(
A3TEe
ind cosθ
2λ
ATTEe
−ind cosθ
2λ
)
.
(79)
We have also derived those at z = − d2 as:
sinhϕ′(A
(2,1)
TM e
−
d sinhϕ′
2λ +A
(2,2)
TM e
d sinhϕ′
2λ )
= cos θ(A3TM e
ind cos θ
2λ +ATTMe
−ind cos θ
2λ ), (80)
i(A
(2,1)
TM e
− d sinhϕ
′
2λ −A(2,2)TM e
d sinhϕ′
2λ )
= −n(A3TMei
nd cos θ
2λ −ATTMe−i
nd cos θ
2λ ), (81)
A
(2,1)
TE e
−
d sinhϕ′
2λ +A
(2,2)
TE e
d sinhϕ′
2λ
= A3TEe
ind cos θ
2λ +ATTEe
−ind cos θ
2λ , (82)
−i sinhϕ′(A(2,1)TE e−
d cos θ
2λ −A(2,2)TE e
d cos θ
2λ )
= n cos θ(A3TEe
ind cos θ
2λ −ATTEe−i
nd cos θ
2λ ), (83)
8and
(
A
(2,1)
TM e
− d sinhϕ
′
2λ
A
(2,2)
TM e
d sinhϕ′
2λ
)
=
(
cosθ+in sinhϕ′
2 sinhϕ′
cosθ−in sinhϕ′
2 sinhϕ′
cosθ−in sinhϕ′
2 sinhϕ′
cosθ+in sinhϕ′
2 sinhϕ′
)(
A3TMe
indcosθ
2λ
ATTMe
−indcosθ
2λ
)
, (84)
(
A
(2,1)
TE e
−
d sinhϕ′
2λ
A
(2,2)
TE e
d sinhϕ′
2λ
)
=
(
ncosθ+i sinhϕ′
i2 sinhϕ′ −ncosθ−i sinhϕ
′
i2 sinhϕ′
−ncosθ−i sinhϕ′
i2 sinhϕ′
ncosθ+i sinhϕ′
i2 sinhϕ′
)(
A3TEe
ind cos θ
2λ
ATTEe
−ind cos θ
2λ
)
.
(85)
From equations (78), (79), (84), (85), we have calculated
the Poynting’s vectors as:
ARTM =
[
−i(cos2θ+n2sinh2ϕ′) sinh(d sinhϕ′
λ
)A1TM
+2n cos θ sinhϕ′A3TM
]
[
2n cos θ sinhϕ′ cosh(d sinϕ
′
λ
)
+i(cos2 θ − n2 sinh2 ϕ′) sinh(d sinϕ′
λ
)
] ein d cos θλ ,
(86)
ARTE =
[
i(n2cos2θ+sinh2ϕ′) sinh(d sinhϕ
′
λ
)A1TE
+2n cosθ sinhϕ′A3TE
]
[
2n cos θ sinhϕ′ cosh(d sinϕ
′
λ
)
+i(n2 cos2 θ − sinh2 ϕ′) sinh(d sinϕ′
λ
)
] ein d cos θλ ,
(87)
and
ATTM =
[
2n cos θ sinhϕ′A1TM
−i(cos2θ+n2sinh2ϕ′) sinh(d sinhϕ′
λ
)A3TM
]
[
2n cos θ sinhϕ′ cosh(d sinhϕ
′
λ
)
+i(cos2 θ − n2 sinh2 ϕ′) sinh(d sinhϕ′
λ
)
] ein d cos θλ ,
(88)
ATTE =
[
2n cos θ sinhϕ′A1TE
+i(n2cos2θ+sinh2ϕ′) sinh(d sinhϕ
′
λ
)A3TE
]
[
2n cos θ sinhϕ′ cosh(d sinϕ
′
λ
)
+i(n2 cos2 θ − sinh2 ϕ′) sinh(d sinϕ′
λ
)
] ein d cos θλ .
(89)
We have calculated the intensity ratios by taking the
long time average as in section III:
RTM =


(cos2θ+n2sinh2ϕ′)2 sinh2(dω sinhϕ
′
c2
)
+4αn2 cos2θ sinh2 ϕ′
−4√αn sinη cosθ sinhϕ′
×(cos2θ+n2sinh2ϕ′)sinh(d sinhϕ′
λ
)


[
(cos2θ+n2sinh2ϕ′)2sinh2(d sinhϕ
′
λ
)
+4n2 cos2 θ sinh2 ϕ′
] , (90)
RTE =


(sinh2ϕ′+n2cos2θ)2sinh2(d sinhϕ
′
λ
)
+4αn sinhϕ′ cosθ
+4sinη
√
αn sinhϕ′ cosθ
×(sinh2ϕ′+n2cos2θ)2sinh(d sinhϕ′
λ
)


[
(sinh2ϕ′+n2cosθ)2sinh2(d sinhϕ
′
λ
)
+4n2 cos2θ sinh2ϕ′
] . (91)
Using Snell’s equation (64)and the definition of κ ex-
pressed in equation (65), we have led the relations among
κ, θ, n, and ϕ′ expressed as:
sinhϕ′
cos θ
=
√
(n2 − 1)κ− 1, (92)
sinhϕ′ =
√
(n2 − 1)κ− 1
κ+ 1
, (93)
Using the relations (92) and (93), we have finally derived
RTM and RTE as functions of d, λ, α, n, and κ as:
RTM =


(n2− 1)2(n2κ−1)2sinh2(d
λ
√
(n2−1)κ−1
κ+1
)
+4αn2[(n2−1)κ−1]
−4√α sinηn
√
(n2−1)κ−1
×(n2−1)(n2κ−1)sinh(d
λ
√
(n2−1)κ−1
κ+1
)


[
(n2−1)2(n2κ−1)2sinh2(d
λ
√
(n2−1)κ−1
κ+1
)
+4n2[(n2 − 1)κ− 1]
] , (94)
RTE =


(n2−1)2(κ+1)2 sinh2(d
λ
√
(n2−1)κ−1
κ+1
)
+4αn2[(n2−1)κ−1]
+4n2[(n2 − 1)κ− 1]
+4
√
α sinηn
√
(n2−1)κ−1
×(n2−1)(κ+1)sinh(d
λ
√
(n2−1)κ−1
κ+1
)


[
(n2−1)2(κ+1)2 sinh2( d
λ
√
(n2−1)κ−1
κ+1
)
+4n2[(n2 − 1)κ− 1]
] . (95)
9V. CONDITIONS FOR R = 0
Summing up results in sections III and IV, we have
attained the following equations:
RTM =


(n2− 1)2(n2κ−1)2S2d(κ)
+4αn2|(n2−1)κ−1|
−4√α sinηn
√
|(n2−1)κ−1|
×(n2−1)(n2κ−1)Sd(κ)


[
(n2−1)2(n2κ−1)2S2d(κ)
+4n2|(n2 − 1)κ− 1|
] , (96)
RTE =


(n2−1)2(κ+1)2S2d(κ)
+4αn2|(n2−1)κ−1|
+4
√
α sinηn
√
|(n2−1)κ−1|
×(n2−1)(κ+1)Sd(κ)


[
(n2−1)2(κ+1)2S2d(κ)
+4n2|(n2 − 1)κ− 1|
] , (97)
where
Sd(κ) :=

 sin
(
d
λ
√
1−(n2−1)κ
1+κ
)
, if 0 ≤ κ ≤ 1
n2−1 ,
sinh
(
d
λ
√
(n2−1)κ−1
κ+1
)
, if 1
n2−1 ≤ κ
. (98)
At η = pi2 for TM mode and at η = −pi2 for TE mode,
we have derived equations (96) and (97) respectively:
RTM =
[ [
(n2− 1)(n2κ−1)Sd(κ)
−2√αn
√
|(n2−1)κ−1|
]2
]
[
(n2−1)2(n2κ−1)2S2d(κ)
+4n2|(n2 − 1)κ− 1|
] , (99)
RTE =
[ [
(n2−1)(κ+1)Sd(κ)
−2√αn
√
|(n2−1)κ−1|
]2
]
[
(n2−1)2(κ+1)2S2d(κ)
+4n2|(n2 − 1)κ− 1|
] . (100)
Because each of the numerators of (99) and (100) is
perfect square of a difference, we can realize RTM = 0 or
RTE = 0 by selecting appropriate values for a set of free
parameters (κ, α, n). For TM mode, those parameters
should satisfy:
(n2−1)(n2κ−1)Sd(κ) = 2
√
αn
√
|(n2 − 1)κ− 1|, (101)
and for TE mode:
(n2 − 1)(κ+ 1)Sd(κ) = 2
√
αn
√
|(n2 − 1)κ− 1|. (102)
Rewriting (101) and (102):
α =
(n2 − 1)2(n2κ− 1)2S2d(κ)
4n2|(n2 − 1)κ− 1| , TM mode, (103)
α =
(n2 − 1)2(κ+ 1)2S2d(κ)
4n2|(n2 − 1)κ− 1| , TE mode. (104)
Equations (103) and (104) are shown in Figs.6 and 7,
respectively, for n = 1.5.
1
0
10
PSfrag replacements
κ
α
d/λ = pi
2
d/λ = pi
d/λ = 4
1
n
2
1
n
2−1
FIG. 6: κ− α relation for TM mode with n = 1.5
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FIG. 7: κ− α relation for TE mode with n = 1.5
Namely, when α is on either curve of Fig.6 or Fig.7,
RTM or RTE can be switched to 0 and a finite value
depending on η as:
RTM =
{
0, at η = pi2 ,
4α
α+1 , at η = −pi2
, (105)
RTE =
{
0, at η = −pi2 ,
4α
α+1 , at η =
pi
2
. (106)
The finite value of R above is shown in Fig.8 as a func-
tion of α. Equations (105) and (106) tell that when this
device is coupled with a Mach-Zehnder interferometer of
Fig.1 and composed as an optical switch as Fig.1 using
some kind of phase controller in one of transmission lines
of the interferometer, the intensity of the output light at
’on’ does not explicitly depend on incision angle θ nor
width of vacuum layer d.
Finally, we will discuss on inverse functions κ = κ(α)
of equations (103) and (104). For equations (105) and
(106), it seems more realistic to decide incision angle θ
corresponding to R after deciding the intensity ratio α of
the light intensity of I2 to that of I1.
For TM mode, equation (103) shows that α is a mono-
tonic increasing function of κ ∈ [ 1
n2
,∞) with α( 1
n2
) = 0
and α→∞ in large κ limit, so that for any α ≥ 0, there
uniquely exists κ ∈ [ 1
n2
,∞) which satisfy equation (103).
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FIG. 8: R at η = η0 + pi
On the other hand, for TE mode, as shown by Fig.7,
there exists some range of α value which cannot be
reached for any κ value. Actually, equation (104) be-
comes around κ = 0,
α =
(n2 − 1)2
4n2
sin2
( d
λ
)
+
(n2−1)2(n2+1)2
8n2
sin
(2d
λ
){
tan
(d
λ
)− n2
n2+1
d
λ
}
κ
+O(κ2). (107)
The coefficient of the first order of κ in equation (107)
is positive for a region 0 ≤ d
λ
< pi, and within this region,
α is a monotonic increasing function of κ around κ = 0.
Therefore, in the region 0 ≤ d
λ
< pi, the α takes the
minimum value (n
2−1)2
4n2 sin
2
(
d
λ
)
at κ = 0. For the region
pi ≤ d
λ
, since α = 0 at κ = d−piλ
dn2+piλ−d , there exists at least
one κ ≥ d−piλ
dn2+piλ−d for any α ≥ 0.
Based on those discussion results, we have attained
the following statements for α value for RTE = 0 in TE
mode:
• for 0 ≤ d
λ
< pi:
There exists a κ for RTE = 0 for any non-negative
value of α larger than (n
2−1)2
4n2 sin
2
(
d
λ
)
, and
• for pi ≤ d
λ
:
there exists κ for RTE = 0 for any non-negative
value of α.
VI. CONCLUSION
We have taken as the study model an infinite dielectric
region with refractive index n divided by an two dimen-
sionally infinite vacuum layer between z = d2 and z = − d2 .
Two input lights are injected from the upper region 1
(z > d2 ) and the lower region (z < − d2 ) with intensity of
1 and α, respectively, and with the same injection angle
θ. We have solved the intensity of output lights into re-
gion 1 and 3 directly from the Maxwell’s equations. As
the results, we have found that one of two output lights
can be made zero by appropriately selecting set of values
of α, phase difference of the two input lights η, d and θ.
Namely,
1. There exists a set of parameters (α0, θ0, d0, η0) that
makes one of output light zero (R = 0). And for
these set of values and replacing η0 to η0 + pi,
R =
4α
α+ 1
.
Here η0 is
pi
2 for TM mode and −pi2 for TE mode,
2. When a TM mode light is used as the input light,
for any set of (θ, d), a value of α can be obtained
by equation (103) which makes R = 0 at η = pi2 .
Particularly for θ larger than the critical angle and
evanescent light exist in region 2 (vacuum region
between upper and lower dielectric region), α for
R = 0 satisfies α ≥ (n2−1)24n4 ( dλ)2, and
3. When a TE mode light is used as the input light,
for any set of (θ, d), a value of α can be obtained
by equation (104) which makes R = 0 at η = −pi2 .
Particularly for θ larger than the critical angle and
evanescent light exist in region 2, α for R = 0 sat-
isfies α ≥ n2−14 ( dλ )2.
The above results 1-3 suggests a possibility that, using
a Mach-Zehnder interferometer with controlling phase
difference between two transmission lines to pi2 or −pi2 , we
can control the output light on and off. One point is that
the output light is perfectly eliminated at switched ’off’
without depending on α. This tells that the new switch
proposed here is better than the usual Mach-Zehnder in-
terferometer because in a Mach-Zehnder interferometer,
a perfect branching of input light of 50 : 50 is necessary
to get the output zero at ’off’. More notable point better
than a Mach-Zehnder interferometer is that, the output
light is controlled to on and off with a light much weaker
than the output light at ’on’. In a case of α = 0.10 for
example, the output light intensity at ’on’ is 4α
α+1 = 0.36.
In this case, the output light is controlled by a control
light with intensity of 13.6 of the output light. From en-
gineering point of view, this means that a control light
can be divided to several optical switches which is one of
critically important features for the switch to be applied
in logic circuits.
Since a real optical device has a finite size of several
to ten times larger than the light wavelength whereas an
infinite model is studied in this paper, effects of finite
size such as the effect of the higher modes must be inves-
tigated in future. Furthermore, effect of real boundary
plane being not perfectly flat and not perfectly parallel
shall also be investigated.
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